After some general comments about statistics and the TCP theorem, I discuss experimental searches for violations of the exclusion principle and theories which allow for such violations.
Introduction
It is a great pleasure to speak at this symposium honoring Yakir Aharonov. Because of the broad range of Yakir's interests, I have been able to see people who work in different areas than mine whom I don't usually see at conferences and to meet for the first time people whose names and work I know, but whom I had never had the opportunity to meet. Yakir is especially concerned with fundamental issues which have lasting interest, such as particle statistics. In the first part of my talk I will say some things about statistics and related issues which may not be generally known, and in the second part I will focus on how well we know that particles obey the statistics we think they obey and on theories which allow violations of statistics.
By way of introduction, I mention two relations involving spin which are on quite different footings. The relation between spin and isospin, that integerspin particles have integer isospin and odd-half-integer-spin particles have odd-halfinteger isospin, was suggested on the basis of few examples: the proton and neutron, which are in the odd-half-integer category and the three pions, which are in the integer category. Further, there was no fundamental basis for such a relation. When strange particles were discovered, this relation was found to be violated by the kaons, which have zero spin and isospin one-half, and by the lambda and sigma hyperons, which have spin one-half and integer isospin. Since there was no theory supporting this relation, it was easy to discard it. By contrast, the relation between spin and statistics first stated by Pauli 1 in 1936, that integer-spin particles obey Bose statistics and odd-half-integer-spin particles obey Fermi statistics was supported by many examples and, at least for free fields, was proved by Pauli from the basic requirement of local commutativity of observables. This relation has survived and is one of the most general results of quantum field theory.
General Comments about Statistics and Related Issues

Additivity of the Energy of Widely Separated Subsystems
The zeroth condition I discuss is the requirement that the energy of widely separated subsystems be additive. This requires that all terms in the Hamiltonian be "effective Bose operators" in that sense that
For example, H can't have a term such as φ(x)ψ(x), where φ is Bose and ψ is Fermi, because then the contributions to the energy of widely separated subsystems would alternate in sign. Such terms are also prohibited by rotational symmetry.
Statistics of Bound States is Determined by Statistics of Constituents
The well-known rule that a bound state of any number of Bosons and an even number of Fermions is a Boson, while a bound state with an odd number of Fermions is a Fermion, was first stated by Wigner, 2 who published in Hungarian and suffered the consequence of using a relatively inaccessible language. Later Ehrenfest and Oppenheimer 3 independently published this result in English.
Spin-statistics Theorem
I distinguish between two theorems. The physical spin-statistics theorem is the theorem of Pauli mentioned above, local commutativity of observables requires that, given the choice between Bose and Fermi statistics, integer-spin particles must obey Bose statistics and odd-half-integer-spin particles must obey Fermi statistics. The phrase, given the choice between, is necessary, because the analogous connection holds between parabose or parafermi statistics and spin. The theorem which I prefer to call the spin-type-of-locality theorem, due to Burgoyne, 4 states that fields which commute at spacelike separation must have integer spin and fields that anticommute at spacelike separation must have odd-half-integer spin. Both the assumptions and the conclusions of the two theorems differ. The Pauli theorem explicitly assumes a choice between different types of particle statistics and concludes that if the wrong choice is made, then observables fail to commute at spacelike separation. For example, if one chooses Bose statistics for spin-one-half particles, i.e., uses Bose commutation relations for the annihilation and creation operators of the spin-one-half particles, then the commutator of the observables for the free theory will contain the S (1) (x − y) singular function, which does not vanish for spacelike x − y, rather than the S(x − y) singular function which does. The theory (at least for the free case) still exists. The Burgoyne theorem makes no statement about particle statistics; rather it assumes a choice between field commutation rules. If the wrong choice is made, then the fields are identically zero, so the theory does not even exist. This latter theorem has a very general proof in the context of axiomatic field theory; however it says nothing about particle statistics.
Weakness of the TCP Theorem
In contrast to the spin-statistics theorem, which requires locality of observables, the TCP theorem holds regardless of locality, and is a much weaker theorem. Indeed, it is difficult to make a theory which violates TCP. This is clearly illustrated by Jost's example. 5 Jost shows that a free neutral scalar field whose annihilation and creation operators are quantized with anticommutation relations (and whose particles thus obey Fermi statistics) still obeys the normal TCP theorem. Cluster decomposition properties also hold regardless of the choice of commutation relations.
Search for Small Violations of Fermi and Bose Statistics
Now I come to the second part of my talk and discuss how to detect violations of Fermi or Bose statistics if they occur. Atomic spectroscopy is the first place to search for violations of the exclusion principle since that is where Pauli discovered it. One looks for funny lines which do not correspond to lines in the normal theory of atomic spectra. There are such lines, for example in the solar spectrum; however they probably can be accounted for in terms of highly ionized atoms in an environment of high pressure, high density and large magnetic fields. Laboratory spectra are well accounted for by theory and can bound the violation of the exclusion principle for electrons by something like 10 −6 to 10 −8 . A useful quantitative measure of the violation, V, is that V is the coefficient of the anomalous component of the two-particle density matrix; for fermions, the two-electron density matrix, ρ 2 , is
where ρ a(s) is the antisymmetric (symmetric) two-fermion density matrix. Thoma and Nolte, 6 in a contribution to a poster session here, discuss bounds on the violation of the exclusion principle for nucleons based on the absence of the nucleus
Bounds also follow from the absence of 5 He. Mohapatra and I surveyed a variety of searches for violations of particle statistics in 7 . I will discuss an insightful experiment by Maurice and Trudy Goldhaber 8 which was designed to answer the question, "Are the electrons emitted in nuclear β-decay quantum mechanically identical to the electrons in atoms?" We know that the β-decay electrons have the same spin, charge and mass as electrons in atoms; however the Goldhabers realized that if the β-decay electrons were not quantum mechanically identical to those in atoms, then the β-decay electrons would not see the K shell of a heavy atom as filled and would fall into the K shell and emit an x-ray. The Goldhabers looked for such x-rays by letting β-decay electrons from a natural source fall on a block of lead. No such x-rays were found. The Goldhabers were able to confirm that electrons from the two sources are indeed quantum mechanically identical. At the same time, they found that any violation of the exclusion principle for electrons must be less than 5%.
Ramberg and Snow 9 developed this experiment into one which yields a highprecision bound on violations of the exclusion principle. Their idea was to replace the natural β source, which provides relatively few electrons, by an electric current, in which case Avogadro's number is on our side. The possible violation of the exclusion principle is that a given collection of electrons can, with different probabilities, be in different permutation symmetry states. The probability to be in the "normal" totally antisymmetric state would presumably be close to one, the next largest probability would occur for the state with its Young tableau having one row with two boxes, etc. The idea of the experiment is that each collection of electrons has a possibility of being in an "abnormal" permutation state. If the density matrix for a conduction electron together with the electrons in an atom has a projection onto such an "abnormal" state, then the conduction electron will not see the K shell of that atom as filled. Then a transition into the K shell with x-ray emission is allowed. Each conduction electron which comes sufficiently close to a given atom has an independent chance to make such an x-ray-emitting transition, and thus the probability of seeing such an x-ray is proportional to the number of conduction electrons which traverse the sample and the number of atoms which the electrons visit, as well as the probability that a collection of electrons can be in the anomalous state. Ramberg and Snow chose to run 30 amperes through a thin copper strip for about a month. They estimated the energy of the x-rays which would be emitted due to the transition to the K shell. No excess of x-rays above background was found in this energy region. Ramberg and Snow set the limit
This is high precision, indeed!
Theories of Violation of Statistics
Gentile's Intermediate Statistics
The first attempt to go beyond Bose and Fermi statistics seems to have been made by G. Gentile 10 who suggested an "intermediate statistics" in which at most n identical particles could occupy a given quantum state. In intermediate statistics, Fermi statistics is recovered for n = 1 and Bose statistics is recovered for n → ∞; thus intermediate statistics interpolates between Fermi and Bose statistics. However, Gentile's statistics is not a proper quantum statistics, because the condition of having at most n particles in a given quantum state is not invariant under change of basis. For example, for intermediate statistics with n = 2, the state |ψ = |k, k, k does not exist; however, the state |χ = l1,l2,l3 U k,l1 U k,l2 U k,l3 |l 1 , l 2 , l 3 , obtained from |ψ by the unitary change of single-particle basis, |k ′ = l U k,l |l does exist. By contrast, parafermi statistics of order n is invariant under change of basis.
11 Parafermi statistics of order n not only allows at most n identical particles in the same state, but also allows at most n identical particles in a symmetric state. In the example just described, neither |ψ nor |χ exist for parafermi statistics of order two.
Green's Parastatistics
H.S. Green 12 proposed the first proper quantum statistical generalization of Bose and Fermi statistics. Green noticed that the commutator of the number operator with the annihilation and creation operators is the same for both bosons and fermions
The number operator can be written
where the anticommutator (commutator) is for the Bose (Fermi) case. If these expressions are inserted in the number operator-creation operator commutation relation, the resulting relation is trilinear in the annihilation and creation operators. Polarizing the number operator to get the transition operator n kl which annihilates a free particle in state k and creates one in state l leads to Green's trilinear commutation relation for his parabose and parafermi statistics,
Since these rules are trilinear, the usual vacuum condition,
does not suffice to allow calculation of matrix elements of the a's and a † 's; a condition on one-particle states must be added,
Green found an infinite set of solutions of his commutation rules, one for each integer, by giving an ansatz which he expressed in terms of Bose and Fermi operators. Let
and let the b be Bose (Fermi) operators for α = β but anticommute (commute) for α = β for the "parabose" ("parafermi") cases. This ansatz clearly satisfies Green's relation. The integer p is the order of the parastatistics. The physical interpretation of p is that, for parabosons, p is the maximum number of particles that can occupy an antisymmetric state, while for parafermions, p is the maximum number of particles that can occupy a symmetric state (in particular, the maximum number which can occupy the same state). The case p = 1 corresponds to the usual Bose or Fermi statistics. Later, Messiah and I 11 proved that Green's ansatz gives all Fock-like solutions of Green's commutation rules. Local observables have a form analogous to the usual ones; for example, the local current for a spin-1/2 theory is j µ = (1/2)[ψ(x), ψ(x)] − . From Green's ansatz, it is clear that the squares of all norms of states are positive, since sums of Bose or Fermi operators give positive norms. Thus parastatistics gives a set of orthodox theories. Parastatistics is one of the possibilities found by Doplicher, Haag and Roberts 13 in a general study of particle statistics using algebraic field theory methods. A good review of this work is in Haag's recent book 14 . This is all well and good; however, the violations of statistics provided by parastatistics are gross. Parafermi statistics of order 2 has up to 2 particles in each quantum state. High-precision experiments are not necessary to rule this out for all particles we think are fermions.
The Ignatiev-Kuzmin Model and "Parons"
Interest in possible small violations of the exclusion principle was revived by a paper of Ignatiev and Kuzmin 15 in 1987. They constructed a model of one oscillator with three possible states: a vacuum state, a one-particle state and, with small probability, a two-particle state. They gave trilinear commutation relations for their oscillator. Mohapatra and I showed that the Ignatiev-Kuzmin oscillator could be represented by a modified form of the order-two Green ansatz. We suspected that a field theory generalization of this model having an infinite number of oscillators would not have local observables and set about trying to prove this. To our surprize, we found that we could construct local observables and gave trilinear relations which guarantee the locality of the current. 16 We also checked the positivity of the norms with states of three or less particles. At this stage, we were carried away with enthusiasm, named these particles "parons" since their algebra is a deformation of the parastatistics algebra, and thought we had found a local theory with small violation of the exclusion principle. We did not know that Govorkov 17 had shown in generality that any deformation of the Green commutation relations necessarily has states with negative squared norms in the Fock-like representation. For our model, the first such negative-probability state occurs for four particles in the representation of S 4 with three boxes in the first row and one in the second. We were able to understand Govorkov's result qualitatively as follows:
18 Since parastatistics of order p is related by a Klein transformation to a model with exact SO(p) or SU (p) internal symmetry, a deformation of parastatistics which interpolates between Fermi and parafermi statistics of order two would be equivalent to interpolating between the trivial group whose only element is the identity and a theory with SO(p) or SU (p) internal symmetry. This is impossible, since there is no such interpolating group.
Apparent Violations of Statistics Due to Compositeness
Before getting to "quons," the final type of statistics I will discuss, I want to interpolate some comments about apparent violations of statistics due to compositeness. Consider two 3 He nuclei, each of which is a fermion. If these two nuclei are brought in close proximity, the exclusion principle will force each of them into excited states, plausibly with small amplitudes for the excited states. Let the creation operator for the nucleus at location A be 10) and the creation operator for the nucleus at location B be
Since these nuclei are fermions, the creation operators obey fermi statistics,
Then,
so, with small probability, the two could even occupy the same location, because each could be excited into higher states with different amplitudes. This is not an intrinsic violation of the exclusion principle, but rather only an apparent violation due to compositeness.
"Quons"
Now I come to my last topic, "quons." 19 The quon algebra is
For the Fock-like representation which I consider, the vacuum condition
is imposed. These two conditions determine all vacuum matrix element of polynomials in the creation and annihilation operators. In the case of free quons, all non-vanishing vacuum matrix elements must have the same number of annihilators and creators. For such a matrix element with all annihilators to the left and creators to the right, the matrix element is a sum of products of "contractions" of the form 0|aa † |0 just as in the case of bosons and fermions. The only difference is that the terms are multiplied by integer powers of q. The power can be given as a graphical rule: Put •'s for each annihilator and ×'s for each creator in the order in which they occur in the matrix element on the x-axis. Draw lines above the x-axis connecting the pairs which are contracted. The minimum number of times these lines cross is the power of q for that term in the matrix element.
The physical significance of q for small violations of Fermi statistics is that q = 2V − 1, where the parameter V appears in Eq.(2). For small violations of Bose statistics, the two-particle density matrix is
where ρ s(a) is the symmetric (antisymmetric) two-boson density matrix. Then q = 1 − 2V.
For q in the open interval (−1, 1) all representations of the symmetric group occur. As q → 1, the symmetric representations are more heavily weighted and at q = 1 only the totally symmetric representation remains; correspondingly, as q → −1, the antisymmetric representations are more heavily weighted and at q = −1 only the totally antisymmetric representation remains. Thus for a general n-quon state, there are n! linearly independent states for −1 < q < 1, but there is only one state for q = ±1. I emphasize something that many people find very strange: there is no commutation relation between two creation or between two annihilation operators, except for q = ±1, which, of course, correspond to Bose and Fermi statistics. Indeed, the fact that the general n-particle state with different quantum numbers for all the particles has n! linearly independent states proves that there is no such commutation relation between any number of creation (or annihilation) operators. An even stronger statement holds: There is no two-sided ideal containing a term with only creation operators. Note that here quons differ from the "quantum plane" in which xy = qyx (18) holds.
Quons are an operator realization of "infinite statistics" which were found as a possible statistics by Doplicher, Haag and Roberts 13 in their general classification of particle statistics. The simplest case, q = 0, 20 , suggested to me by Hegstrom, was discussed earlier in the context of operator algebras by Cuntz. 21 It seems likely that the Fock-like representations of quons for |q| < 1 are homotopic to each other and, in particular, to the q = 0 case, which is particularly simple. Thus it is convenient, as I will now do, to illustrate qualitative properties of quons for this simple case. All bilinear observables can be constructed from the number operator, n k ≡ n kk , or the transition operator, n kl , which obey
Although the formulas for n k and n kl in the general case 22 are complicated, the corresponding formulas for q = 0 are simple. 20 Once Eq. (18) holds, the Hamiltonian and other observables can be constructed in the usual way; for example,
